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Abstract. So far large and different data sets revealed the accelerated expansion rate of the Universe,
which is usually explained in terms of dark energy. The nature of dark energy is not yet known, and
several models have been introduced: a non zero cosmological constant, a potential energy of some
scalar field, effects related to the non homogeneous distribution of matter, or effects due to alternative
theories of gravity. In [1, 2] a tension with the flat ΛCDM model has been discovered using a high-
redshift Hubble diagram of supernovae, quasars, and gamma-ray bursts. Here we use Union2 type Ia
supernovae (SNIa) and Gamma Ray Bursts (GRB) Hubble diagram, and a set of direct measurements
of the Hubble parameter to explore different dark energy models. We use the Chevallier-Polarski-
Linder (CPL) parametrization of the dark energy equation of state (EOS), a minimally coupled
quintessence scalar field, and, finally, we consider models with dark energy at early times (EDE). We
perform a statistical analysis based on the Markov chain Monte Carlo (MCMC) method, and explore
the probability distributions of the cosmological parameters for each of the competing models. We
apply the Akaike Information Criterion (AIC) to compare these models: our analysis indicates that an
evolving dark energy, described by a scalar field with exponential potential is favoured by observational
data.
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1 Introduction
Starting at the end of the 1990s, observations of high-redshift supernovae of type Ia (SNIa) revealed
the current accelerated expansion of the Universe [3–7, 9]. This unexpected result has been confirmed
by statistical analysis of observations of small-scale temperature anisotropies of the Cosmic Microwave
Background Radiation (CMBR) [8]. The observed accelerated expansion is driven by the so called dark
energy, a cosmic medium with a negative pressure, which provides about 70% of the matter energy
in the Universe. The nature of dark energy is, however, not known. The models of dark energy
proposed so far range from a non-zero cosmological constant [10], with a constant EOS wΛ = −1, to a
potential energy of some not yet discovered scalar field [11], or effects connected with inhomogeneous
distribution of matter and averaging procedures [12]. In the last two cases, in general, the EOS is not
constant, but depends on redshift z. To probe the dynamical evolution of dark energy we consider
different competitive cosmological scenarios:
i) an EOS empirically parametrized, usually using two or more free parameters. Among all the
parametrization forms of the dark energy EOS, we consider the CPL model [13], [14], which is
probably the most widely used ,
ii) quintessence dark energy: a model where a self interacting scalar field plays the role of dark
energy and drives the acceleration ,
iii) early dark energy: models where a non negligible fraction of dark energy exists at early stages
of evolution of the Universe .
Dark energy models are poorly tested in the redshift interval between the farthest observed Type
Ia supernovae and that of the Cosmic Microwave Background. In our high redshift investigation,
instead, we use data of the expansion rate of the Universe in a range extended beyond the supernovae
type Ia (SNIa) Hubble diagram: we actually consider the Union2 SNIa data set, the gamma-ray
burst (GRB) Hubble diagram, constructed by calibrating the correlation between the peak photon
energy, Ep,i, and the isotropic equivalent radiated energy, Eiso [15], [16]. Here we take into account
possible redshift evolution effects in the coefficients of this correlation, assuming that they can be
modeled through power law terms. We consider also a sample of 28 direct measurements of the
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Hubble parameter, compiled in [18]. Our statistical analysis is based on the Monte Carlo Markov
Chain (MCMC) simulations to simultaneously compute the full probability density functions (PDFs)
of all the parameters of interest. The structure of the paper is as follows. In Sect. 2 we describe the
different models of dark energy tested in our analysis. In Sect. 3 we describe the observational data
sets that are used in our analysis. In Sect. 4 we describe some details of our statistical analysis and
present results. In Sect. 5 we present constraints on dark energy models that can be derived from
future GRB Hubble diagram samples. General discussion of our results and conclusions are presented
in Sect. 6.
2 Different models of dark energy
Although seemingly consistent with the current standard model where the cosmic acceleration is due
to the Einstein’s cosmological constant, Λ, the precision of current data is not sufficient to rule out
an evolving dark energy term. If then the cosmological constant is not responsible for the observed
accelerated expansion of the Universe, we are looking for some dynamical field that is generating an
effective negative pressure. Moreover this could instead be indicating that the cosmological Coper-
nican principle cannot be applied at certain scales, and that radial inhomogeneity could mimic the
accelerated expansion. Within the Friedman-Lemaitre-Robertson-Walker (FLRW) paradigm, all pos-
sibilities can be characterized, as far as the background dynamics is concerned, by the dark energy
EOS, w(z). The main task of observational cosmology is to search for evidence for w(z) 6= −1. This
is usually done in terms of an appropriate parameterizations of the EOS.
2.1 Parametrization of the dark energy EOS
Within the Friedman equations dark energy appears through its effective energy density, ρX , and
pressure, pX :
a¨
a
= −4piG
3
(ρm + ρX + 3pX) , (2.1)
H2 =
8piG
3
(ρm + ρX) , (2.2)
where a is the scale factor, H = a˙/a the Hubble parameter, and ρm is the dark matter energy
density. Here the dot denotes the derivative with respect to the cosmic time, and we have assumed a
spatially flat Universe in agreement with what is inferred from the CMBR anisotropy spectrum [8].
The continuity equation for any cosmological fluid is :
ρ˙i
ρi
= −3H
(
1 +
pi
ρi
)
= −3H [1 + wi(t)] , (2.3)
where the energy density is ρi, the pressure pi, and the EOS of each component is defined by wi =
pi
ρi
.
Ordinary nonrelativistic matter has w = 0, and the cosmological constant has w = −1. Let us recall
that ρm = Da
−3, where the parameter D ≡ ρm0a03 is determined by the current values of ρm and a.
If we explicitly allow the possibility that the dark energy evolves, the importance of its equation of
state is significant and it determines the Hubble function H(z), and any derivation of it as needed to
obtain the observable quantities. Actually it turns out that:
H(z, θ) = H0
√
(1− Ωm)g(z, θ) + Ωm(z + 1)3 ,
(2.4)
where
g(z, θ) =
ρde(z, θ)
ρde(0)
= e3
∫ z
0
w(x,θ)+1
x+1 dx ,
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w(z, θ) is any dynamical form of the dark energy EOS, and θ = (θ1, θ1.., θn) are the EOS parameters.
Moreover
dL(z, θ) =
c
H0
(1 + z)
∫ z
0
1
H(ζ, θ)
dζ (2.5)
=
c
H0
(1 + z)
∫ z
0
dy√
(1− Ωm)g(y, θ) + Ωm(y + 1)3
,
(2.6)
where dL(z, θ) is the luminosity distance. Using the luminosity distance, we can evaluate the distance
modulus, from its standard definition (in Mpc):
µ(z) = 25 + 5 log dL(z, θ) . (2.7)
In this work we consider the so-called CPL model, which assumes a dark energy EOS given by
w(z) = w0 + w1z(1 + z)
−1 , (2.8)
where w0 and w1 are real numbers that represent the EOS present value and its overall time evolution,
respectively. For high redshift we have the following behavior
lim
z→∞w(z) = w0 + w1 . (2.9)
2.2 A scalar field quintessence model
In this section we investigate some quintessence models: in this case the possible physical realization
of dark energy is a cosmic scalar field, ϕ, minimally coupled to the usual matter action. Such
a field induces dynamically a repulsive gravitational force, causing an accelerated expansion of the
Universe, as firstly suggested in [19, 20]. Many quintessence models have been constructed, considering
appealing kinds of potentials driving the dynamics of the scalar field. Here we take into account the
specific class of exponential–type potential; in particular we consider an exponential potential for
which general exact solutions of the Friedman equations are known [21–23]. Assuming that ϕ is
minimally coupled to gravity, the cosmological equations are written as(
a˙
a
)2
=
8piG
3
(
Da−3 +
1
2
ϕ˙2 + V (ϕ)
)
, (2.10)
2
a¨
a
+
(
a˙
a
)2
= −8piG
3
(
1
2
ϕ˙2 − V (ϕ)
)
, (2.11)
ϕ¨+ 3
(
a˙
a
)
ϕ˙+ V ′(ϕ) = 0 . (2.12)
Here we consider the potential analyzed in [21] and [22],
V (ϕ) ∝ exp
{
−
√
3
2
ϕ
}
, (2.13)
for which the general exact solution exists: actually it turns out that
a3(t) =
t2
2
[(3H0 − 2)t2 + 4− 3H0], (2.14)
H(t) =
2
(
2(3H0 − 2)t2 + 4− 3H0
)
3t ((3H0 − 2)t2 + 4− 3H0) , (2.15)
ΩM =
(4− 3H0)
(
(3H0 − 2)t2 + 4− 3H0
)
[2(3H0 − 2)t2 + 4− 3H0]2 , (2.16)
Ωϕ =
(3H0 − 2)t2
(
4(3H0 − 2)t2 + 3(4− 3H0)
)
[2(3H0 − 2)t2 + 4− 3H0]2 (2.17)
ϕ(t) = −
√
2
3
log
(
6.48
(3H0 − 2) t2 − 3H0 + 4
)
. (2.18)
– 3 –
In order to determine the integration constants we set the present time t0 = 1, so we are using
the age of the universe as a unit of time, a0 = a(1) = 1, which is a standard choice, and finally
H0 = H(1). Because of our choice of time unit H0 does not assume the same value as the standard
Hubble constant.
Inn this model all the basic cosmological parameters can be written in terms of H0 only:
ΩM0 ≡ ΩM (t = 1) =
2(4− 3H0)
9H20
, (2.19)
Ωϕ0 ≡ Ωϕ(t = 1) =
(3H0 − 2) (3H0 + 4)
9H20
. (2.20)
The dark energy EOS evolves with time and the parameter w is given by
w = −1
2
+
3(3H0 − 4)
6(4− 3H0) + 8 (3H0 − 2) t2 , (2.21)
so that today we have
w0 = −8− 3H0
4 + 3H0 . (2.22)
2.3 Early dark energy
In this section we consider some cosmological models characterized by a non negligible amount of
dark energy at early times [24]: they are often connected with the existence of scaling or attractor-
like solutions, so that the dark energy density follows the density of the dominant component. These
models naturally predict a non-vanishing dark energy fraction of the total energy at early stages, Ωe,
which should be substantially smaller than its present value. A large class of models of this type
has been proposed. Following [24, 25] we use parametrized representation of the dark energy density
fraction, ΩDE , which depends on the present matter fraction, Ωm, the early dark energy density
fraction, Ωe , and the present dark energy equation of state w0:
ΩDE(z,Ωm,Ωe, w0) =
Ωe
(
(z + 1)3w0 − 1)− Ωm + 1
Ωm(z + 1)−3w0 − Ωm + 1 +
+Ωe
(
1− (z + 1)3w0) . (2.23)
It turns out that the Hubble function takes the form:
H2(z,Ωm,Ωe, w0,Ωγ , Neff ) = ΩDE(z,Ωm,Ωe, w0) +
+(z + 1)3Ωm + (z + 1)
4Ωγ
(
7
8
(
4
11
) 4
3
Neff + 1
)
. (2.24)
Here Neff is defined so that the total relativistic energy density (including neutrinos and any other
dark radiation) is given in terms of the photon density ργ at T  1 MeV by the relation:
ρ = Neff
7
8
(
4
11
) 4
3
ργ . (2.25)
In this equation Neff = 3 for three standard neutrinos that were thermalized in the early Universe
and decoupled well before electron-positron annihilation. The standard cosmological prediction is
actually Neff = 3.046, since neutrinos are not completely decoupled at electron-positron annihilation
and are subsequently slightly heated [26]. In our analysis we use the Planck value Neff = 3.05±0.18,
which is fully consistent with the standard value, even if an additional amount of dark radiation seems
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to be allowed [8]. It is worth noting that the parametrization for ΩDE can be related to an effective
parametrization of the dark energy EOS [27]:
wDE(z) = w0 × (2.26)1−
(
e
ac(Ωm,Ωe,w0)
∆(Ωm,Ωe,w0) + 1
)(
1− e z(z+1)∆(Ωm,Ωe,w0)
)
(
1− e 1∆(Ωm,Ωe,w0)
)(
e
ac(Ωm,Ωe,w0)− 1z+1
∆(Ωm,Ωe,w0) + 1
)
 .
Here ac (Ωm,Ωe, w0) is a cross-over scale factor and ∆ (Ωm,Ωe, w0) is a parameter related to the slope
of this cross-over. It turns out that (see [24]):
∆ (Ωm,Ωe, w0) =
(
1− 3 13w0
)(1− Ωm
ΩeΩm
)
1
3w0 , (2.27)
ac (Ωm,Ωe, w0) =
(
1− Ωm
ΩeΩm
)
1
3w0 . (2.28)
3 Observational data
In our analysis we use measurements on SNIa and GRB Hubble diagram, and a list of 28 direct H(z)
measurements, compiled in [18].
3.1 Supernovae
SNIa observations gave the first strong indication of the recent accelerating expansion of the Uni-
verse. First results of the SNIa teams were published in [7] and [6]. Here we consider the recently
updated Supernovae Cosmology Project Union 2.1 compilation [28], which is an update of the original
Union compilation and contains 580 SNIa, spanning the redshift range 0.015 ≤ z ≤ 1.4. The SNIa
observations provide the apparent magnitude m(z) at the peak luminosity after several corrections.
The resulting apparent magnitude m(z) can be easly related to the so called Hubble free luminosity
distance DL(z) = H0dL(z) through the relation:
mth(z) = M¯ + 5 log10(DL(z)) . (3.1)
Here M¯ is the zero point offset and depends on the absolute magnitude M and on the present value
of the Hubble parameter H0:
M¯ = M − 5 log10 h+ 42.38 , (3.2)
where M is the absolute magnitude. The cosmological model parameters can be determined by
minimizing the quantity
χ2SNIa({θp}) =
N∑
i=1
(µobs(zi)− µth(zi, {θp}))2
σ2µ i
. (3.3)
The theoretical distance modulus is therefore defined as
µth(zi, {θp}) = 5 log10(DL(zi, {θp})) + ν0 , (3.4)
where ν0 = 42.38 − 5 log10 h, and {θp} denotes the set of parameters that appear in different dark
energy models [29]. For example, in the case of a flat CPL model {θp} = {Ωm, w0, w1}.
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3.2 Gamma-ray burst Hubble diagram
Gamma-ray bursts are visible up to high redshifts thanks to the enormous energy that they release,
and thus may be good candidates for our high-redshift cosmological investigation [see, for instance,
30–34, 36, 37]. However, GRBs may be everything but standard candles since their peak luminosity
spans a wide range, even if there have been many efforts to make them distance indicators using some
empirical correlations of distance-dependent quantities and rest-frame observables [38].
The Ep,i –Eiso data sample used in this analysis was build up by Amati and Sawant, collecting
the spectral information of GRBs with measured redshift from February 1997 to October 2015 [30].
The database includes redshift z, both energy indices α and β, the peak energy Ep,i computed from the
break energy E0, t90, exposure time, the fluence and the value of peak flux. The redshift distribution
covers a broad range 0.033 ≤ z < 9.0, thus extending far beyond that of Type Ia SNe z ≤ 1.7.
For the oldest GRBs (BeppoSAX, BATSE, HETE-2) and other GRBs up to mid 2008, the data was
adapted from [38]. As already discussed in [15], the criteria behind selecting the measurements from
a particular mission are based on the following conditions:
1. The observations were preferred for which the exposure time was at least 2/3rd of the whole
event duration.
2. Given the broad energy band and good calibration, Konus-WIND and Fermi/GBM were chosen
whenever available. For Konus-WIND, the measurements were taken from the official catalog
[39] and from GCN archives (http : //gcn.gsfc.nasa.gov/gcn3 − circulars.html). In case of
Fermi/GBM, the observations were derived from [40] and from several other papers, as, for
instance, [41]. The observations from SUZAKU were not considered as the uncertainties in the
calibration are higher and also because it works in a narrow energy band.
3. The SWIFT BAT observations were chosen when no other preferred missions (Konus-WIND,
Fermi/GBM) were able to provide information. They were considered only for GRBs with
the value of Ep,obs that was within the energy band of the instrument. For Swift GRBs, the
Ep,i value derived from BAT spectral analysis alone were conservatively taken from the results
reported by the BAT team [42]. The GCN circulars were also used when needed.
When more than one mission gives out good observations based on these criteria, the values and
uncertainties of all those observations (hence more than one set for some finely observed GRBs) are
taken into account. When the observations were to be included in the data sample, it has been
checked that the uncertainty on any value is not below 10% in order to account for the instrumental
capabilities, etc. So, when the error was lower, it has been assumed to be 10%. When available,
the Band model [43] was considered since the cut-off power law tends to overestimate the value of
Ep,i. Table 9 in Appendix A shows our dataset, which is a moderate update of the sample already
presented in [15]. GRBs have been observed by different detectors, that are characterized by different
thresholds and spectroscopic sensitivity, therefore they can spread relevant selection biases in the
observed correlation. This is ongoing debated topic: in the past, there were claims that a large
fraction (70 − 90%) of BATSE GRBs without redshift is inconsistent with the correlation for any
redshift [44, 45]. However other authors ([46, 47]) showed that, in fact, most BATSE GRBs with
unknown redshift were consistent with the Ep,i – Eiso correlation. We also note that inconsistency
of a high percentage of GRBs of unknown redshift would have implied that most GRBs with known
redshift should also be inconsistent with the Ep,i – Eiso relation, and this fact was never observed.
Moreover, [48] showed that the normalization of the correlation varies only marginally for GRBs
observed by different instruments with different sensitivities and energy bands were analyzed, while
in other papers as, for instance, [49] and [30] it is shown that the parameters of the correlations are
independent of redshift. If the whole GRB sample is divided into groups of redshift ranges, as shown
in Table 1 and Fig. (1), it turned out that the possible evolutionary effects are within the intrinsic
scatter and, therefore, do not affect the correlation. Similar results were obtained in [15, 50], and
[17, 51]
Furthermore, the Swift satellite, thanks to its capability of providing quick and accurate local-
ization of GRBs, thus reducing the selection effects in the observational chain leading to the estimate
– 6 –
Dependence on Redshift Ranges
Ep,i−Eiso Correlation total GRBs normalization slope scatter
z < 0.5 13 1.97±0.07 0.60±0.06 0.201±0.052
0.5 < z < 1 38 2.05±0.05 0.51±0.07 0.238±0.032
1 < z < 1.5 38 2.02±0.06 0.50±0.05 0.172±0.025
1.5 < z < 2 28 1.95±0.16 0.56±0.11 0.230±0.041
2 < z < 2.5 28 2.13±0.11 0.44±0.07 0.174±0.031
2.5 < z < 3 16 1.78±0.11 0.68±0.08 0.101±0.031
3 < z < 3.5 13 1.99±0.13 0.55±0.10 0.135±0.048
3.5 < z < 4 7 2.16±0.15 0.44±0.10 0.069±0.008
4 < z 12 2.06±0.13 0.51±0.11 0.116±0.058
Table 1. Dependence of the Ep,i−Eiso correlation on different redshift ranges.
Dependence on Energy Ranges
Ep,i−Eiso Correlation total GRBs normalization slope scatter
BeppoSAX (2–700 keV) 11 2.11±0.08 0.48±0.08 0.138±0.057
HETE–2 (2–500 keV) 18 1.88±0.06 0.51±0.06 0.133±0.041
Konus–WIND (20 keV–10 MeV) 72 2.03±0.06 0.54±0.04 0.168±0.019
SWIFT (15–150 keV) 32 1.96±0.03 0.55±0.04 0.113±0.031
FERMI (10–30 MeV) 51 2.11±0.06 0.45±0.05 0.236±0.026
Table 2. Time integrated bolometric Ep,i−Eiso correlation depending on different energy ranges (based on
various satellite missions).
of GRB redshift, has further confirmed the reliability of the Ep,i – Eiso correlation [48, 49, 52]. If one
divides the GRB sample on the basis of different high energy satellite missions, it turns out that the
correlation always remains within the same Ep,i−Eiso fit parameters range (slope ∼ 0.5), as it can be
seen from Table 2.
Moreover, based on time-resolved analysis of BATSE, BeppoSAX and Fermi GRBs, it was found
that the Ep,i – Eiso correlation also holds within each single GRB with normalization and slope
consistent with those obtained with time-averaged spectra and energetics/luminosity [35, 53, 54],
confirming the physical origin of the correlation, and providing clues to its explanation. Therefore,
it turns out that, at the present stage, the fit values of the Ep,i – Eiso correlation parameters are
marginally affected by selection and/or evolutionary effects [15, 30, 50, 51, 55]. Actually these effects
are less than the intrinsic dispersion. It is worth noting that to build up the GRB Hubble diagram
the intrinsic dispersion is propagated in order to obtain the error bars on the distance modulus: in
this respect our GRB Hubble diagram takes into account, through σint, possible selection effects. To
obtain an in-depth understanding of the Ep,i – Eiso correlation, and its possible use in cosmology,
some authors tried to shed light on the peculiar behaviour of a few events, that are important outliers
of the correlation, namely GRB 980425 and GRB 031203 [56]. Actually, even if, as discussed above,
recent studies confirm the lack, up to now, of any statistically meaningful evidence for a z dependence
of the correlation coefficients, we include in the calibration terms representing the z-evolution, which
are assumed to be power-law functions: giso(z) = (1 + z)
kiso and gp(z) = (1 + z)
kp [15], so that
E
′
iso =
Eiso
giso(z)
and E
′
p,i =
Ep,i
gp(z)
are the de-evolved quantities. Therefore we consider a 3D correlation:
log
[
Eiso
1 erg
]
= b+ a log
[
Ep,i
300 keV
]
+
+ (kiso − akp) log (1 + z) . (3.5)
We can simplify the redshift dependence term in Eq. ( 3.5), introducing a single average coefficient
β:
log
[
Eiso
1 erg
]
= b+ a log
[
Ep,i
300 keV
]
+
+β log (1 + z) . (3.6)
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Figure 1. Time integrated Bolometric Ep,i−Eiso correlation depending on different redshift ranges.
Calibrating this 3D relation means determining the coefficients a, b, and β and the intrinsic
scatter σint. Low values for β would indicate negligible evolutionary effects. In order to calibrate our
de-evolved relation we apply the same local regression technique previously adopted in [15],[16],[17],
– 8 –
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Figure 2. De-evolved (red points) and evolved/original Ep,i−Eiso correlation (blue points); there is no
noticable evolution.
and consider a 3D Reichart likelihood:
L3DReichart(a, β, b, σint) =
1
2
∑
log (σ2int + σ
2
yi + a
2σ2xi)
log (1 + a2)
+
+
1
2
∑ (yi − axi − βzi − b)2
σ2int + σ
2
xi + a
2σ2xi
. (3.7)
We maximized our likelihood with respect to a and β since b can be evaluated analytically by solving
the equation
∂
∂b
L3DReichart(a, kiso, α, b, σint) = 0, we obtain
b =
[∑ yi − axi − βzi
σ2int + σ
2
yi + a
2σ2xi
] [∑ 1
σ2int + σ
2
yi + a
2σ2xi
]−1
. (3.8)
We also used the MCMC method to maximize the likelihood and ran five parallel chains and the
Gelman-Rubin convergence test. We obtain a = 1.85 ± 0.1 , b = 52.7+0.04−0.03 ,σint = 0.35+0.04−0.05 , β =
−0.07± 0.14, thus confirming the evidence that the evolutionary effects, not included in the intrinsic
dispersion, can be, at this stage, neglected, as shown in Fig. (2). After fitting the correlation and
estimating its parameters, we used them to construct the GRB Hubble diagram. We recall that the
luminosity distance of a GRB with redshift z is
dL(z) =
(
Eiso(1 + z)
4piSbolo
)1/2
. (3.9)
The uncertainty of dL(z) was then estimated through the propagation of the measurement errors on
the pertinent quantities. In particular, recalling that our correlation relation can be written as a linear
relation, as in Eq. (3.5), the error on the distance dependent quantity y = log
[
Eiso
1 erg
]
was estimated
as
σ(y) =
√
a2σ2x + σ
2
ax
2 + σ2b + σ
2
int, (3.10)
where x = log
[
Ep,i
300 keV
]
, σb is properly evaluated through the Eq. (3.8), which implicitly defines b
as a function of a and σint, and is then added in quadrature to the uncertainties of the other terms
entering Eq.(3.9) to obtain the total uncertainty. It turns out that
5 log dL(z) =
(
5
2
){
b+ a log
[
Ep,i
300 keV
]
+
+ (β + 1) log (1 + z)− log (4piSbolo) + µ0} , (3.11)
– 9 –
Figure 3. Distance modulus µ(z) for the calibrated GRB Hubble diagram obtained by fitting the Ep,i – Eiso
relation.
where µ0 is a normalization parameter. To estimate this parameter, we have to use, in some overlap-
ping redshift range, external calibrators. If µ0 cannot be determined, we can only use the shape of the
Hubble Diagram to constrain the cosmological parameters such as Ωm and ΩΛ, with no information
on H0. It turns out that µ0 ' 0.4. In Fig. 3 we plot the GRB Hubble diagram, which is listed in
Table 10, in Appendix A.
3.3 Direct H(z) measurements
The direct measurements of Hubble parameters are complementary probes to constrain the cosmo-
logical parameters and investigate the dark energy [18]. The Hubble parameter, defined as H(z) =
a˙
a
,
where a is the scale factor, depends on the differential age of the Universe as a function of redshift and
can be measured using the so-called cosmic chronometers. dz is obtained from spectroscopic surveys
with high accuracy, and the differential evolution of the age of the Universe dt in the redshift interval
dz can be measured provided that optimal probes of the aging of the Universe, that is, the cosmic
chronometers, are identified. The most reliable cosmic chronometers observable at high redshift are
old early-type galaxies that evolve passively on a timescale much longer than their age difference,
which formed the vast majority of their stars rapidly and early and have not experienced subsequent
major episodes of star formation or merging. Moreover, the Hubble parameter can also be obtained
from the BAO measurements: by observing the typical acoustic scale in the light-of-sight direction,
it is possible to extract the expansion rate of the Universe at a certain redshift. We used a list of 28
direct H(z) measurements in the redshift range z ∼ 0.07− 2.3, compiled in [18].
4 Statistical analysis
To test the dark energy models described above, we use a Bayesian approach based on the MCMC
method. In order to set the starting points for our chains, we first performed a preliminary and
standard fitting procedure to maximize the likelihood function L(p):
L(p) ∝
exp (−χ2SNIa/GRB/2)
(2pi)
NSNIa/GRB
2 |CSNIa/GRB |1/2
× exp (−χ
2
H/2)
(2pi)NH/2|CH |1/2 . (4.1)
Here
χ2(p) =
N∑
i,j=1
(
xi − xthi (p)
)
C−1ij
(
xj − xthj (p)
)
, (4.2)
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Figure 4. Redshift behaviour of our EDE EOS corresponding to the best fit values of the parameters.
Figure 5. Redshift behaviour of the Ω parameters for the EDE model corresponding to the best fit values
of the parameters: Ωm(z) is shown in blue, and ΩDE(z) in red.
p is the set of parameters, N is the number of data points, xi is the i − th measurement; xthi (p)
indicate the theoretical predictions for these measurements and depend on the parameters p. Cij is
the covariance matrix (specifically, CSNIa/GRB/H indicates the SNIa/GRBs/H covariance matrix).
For each cosmological model we used flat priors to take into account a reasonably large space of
parameters , and we sample this space by running five parallel chains and use the Gelman - Rubin
diagnostic approach to test the convergence. As a test probe, it uses the reduction factor R, which
is the square root of the ratio of the variance between-chains and the variance within-chain. A large
R indicates that the between-chains variance is substantially greater than the within-chain variance,
so that a longer simulation is needed. We require that R converges to 1 for each parameter. We set
R−1 of order 0.05, which is more restrictive than the often used and recommended value R−1 < 0.1
for standard cosmological investigations. We discarded the first 30% of the point iterations at the
beginning of any MCMC run, and thinned the chains that were run many times. We finally extracted
the constraints on cosmographic parameters by coadding the thinned chains. The histograms of the
parameters from the merged chains were then used to infer median values and confidence ranges. In
Tables 3, 4, and 5 we present the results of our analysis. In Fig. 6 we plot a 2D confidence region for
the CPL model: it is worth noting that, using only the GRB Hubble diagram and the H(z) sample,
the ΛCDM model of dark energy is disfavoured at more than 3σ, as indicated also by the Hubble
diagram of quasars at high redshifts [2, 57]. In Figs. 4 and 5 we plot the redshift behaviour of the Ω
parameter and the effective early dark energy (EDE) EOS, corresponding to the best fit value of the
parameters, obtained in our statistical analysis, as illustrated in the next sections.
It is well known that the likelihood-statistics alone does not provide an effective way to compare
different cosmological models. In this section we compare the different models presented in the
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CPL Dark Energy
Id 〈x〉 x˜ 68% CL 95% CL 〈x〉 x˜ 68% CL 95% CL
SNIa /GRBs/H(z) GRBs/H(z)
Ωm 0.29 0.29 (0.28, 0.30) (0.27, 0.31) 0. 17 0.18 (0.16, 0.195) (0.15, 0.26)
w0 -1.03 -1.02 (-1.1, -0.96) (-1.14, -0.88) -0.84 -0.858 (-0.94, -0.74) (-1.07, -0.68)
w1 0.03 0.03 (-0.15,0.24) (-0.32, 0.38) 0.8 0.86 (0.63, 0.95) (0.39, 0.99)
h 0.69 0.69 (0.68, 0.70) (0.67, 0.71) 0.67 0.67 (0.65, 0.7) (0.62, 0.74)
Table 3. Constraints on the CPL parameters from different data: combined SNIa and GRB Hubble diagrams,
and H(z) data sets (Left Panel); and GRB Hubble diagram and H(z) data sets (Right Panel ). Columns
show the mean 〈x〉 and median x˜ values and the 68% and 95% confidence limits.
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Figure 6. 2D confidence regions in the w0-w1 plane for the CPL model, obtained from the GRB Hubble
diagram and the H(z) sample. It is worth noting that the ΛCDM model of dark energy is disfavoured at more
than 3σ.
Scalar Field Quintessence
Id 〈x〉 x˜ 68% CL 95% CL 〈x〉 x˜ 68% CL 95% CL
SNIa /GRBs/H(z) GRBs/H(z)
H0 0.98 0.98 (0.97, 1.0) (0.95, 1.03) 0. 97 0.98 (0.96, 1.05) (0.95, 1.1)
h 0.69 0.69 (0.68, 0.70) (0.67, 0.71) 0.67 0.67 (0.65, 0.7) (0.62, 0.74)
Table 4. Constraints on the scalar field parameters from different data: combined SNIa and GRB Hubble
diagrams, and H(z) data sets (Left Panel); and GRB Hubble diagram and H(z) data sets (Right Panel ).
Columns show the mean 〈x〉 and median x˜ values and the 68% and 95% confidence limits. It is worth noting
that Ωm = 0.24±0.02 in the case of the SNIa /GRBs/H(z) samples, and Ωm = 0.25±0.03 for the GRBs/H(z)
samples.
previous sections and check if we can discriminate between them. We use the Akaike Information
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Early Dark Energy
Id 〈x〉 x˜ 68% CL 95% CL 〈x〉 x˜ 68% CL 95% CL
SNIa /GRBs/H(z) GRBs/H(z)
Ωm 0.28 0.28 (0.26, 0.30) (0.25, 0.32) 0. 17 0.18 (0.16, 0.195) (0.15, 0.26)
w0 -0.62 -0.6 (-0.7, -0.53) (-0.95, -0.5) -0.84 -0.858 (-0.94, -0.74) (-1.07, -0.68)
Ωede 0.03 0.03 (0.02,0.07) (0.007, 0.09) 0.8 0.86 (0.63, 0.95) (0.39, 0.99)
h 0.71 0.71 (0.7, 0.72) (0.69, 0.73) 0.67 0.67 (0.65, 0.7) (0.62, 0.74)
Table 5. Constraints on the Early Dark Energy parameters from different data: combined SNIa and GRB
Hubble diagrams, and H(z) data sets (Left Panel); and GRB Hubble diagram and H(z) data sets (Right
Panel ). Columns show the mean 〈x〉 and median x˜ values and the 68% and 95% confidence limits.
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Figure 7. Redshift behaviour of the deceleration parameter q(z) for the CPL model, corresponding to the best
values of the relative parameters obtained combining the GRB Hubble diagram and the H(z) measurements.
Criterion (AIC) [58, 59], and its indicator
AIC = −2 lnLmax + 2np + 2np(np + 1)
Ntot − np − 1 , (4.3)
where Ntot is the total number of data and np the number of free parameters (of the cosmological
model) . It turns out that the lower is the value of AIC the better is the fit to the data. To compare
different cosmological models we introduce the model difference ∆AIC = AICmodel − AICmin. This
difference corresponds to different cases: 4 < ∆AIC < 7 indicates a positive evidence against the
model with higher value of AICmodel, while ∆AIC ≥ 10 indicates a strong evidence. ∆AIC ≤ 2 is
an indication that the two models are consistent. In our case we have found that the model with
the lower AIC is the exponential scalar field: it turns out that ∆AIC ' 5 if we consider the CPL
model and ∆AIC = 9 for the early dark energy. Moreover, it turns out that also without the SNIa,
combining the GRB Hubble diagram with the H(z) compilation, it is possible to set the transition
region from the decelerated to the accelerated expansion in all the tested cosmological models, as
indicated in Figs. 7, 8, and 9.
– 13 –
0.0 0.2 0.4 0.6 0.8 1.0
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
z
q
(z
)
Figure 8. Redshift behaviour of the deceleration parameter q(z) for the scalar field model, corresponding
to the best values of the relative parameters obtained combining the GRB Hubble diagram and the H(z)
measurements.
5 Prospects with THESEUS
So far we showed that the Ep,i – Eiso correlation has significant implications for the use of GRBs
in cosmology and therefore GRBs are powerful cosmological probe, complementary to other probes.
Future GRB missions, like, e.g., the proposed THESEUS observatory [60, 61], will substantially
increase the number of GRBs usable to construct the Ep,i – Eiso correlation up to redshift z ' 10
and will allow a better calibration of the correlation. Here, we consider a simulated sample of 772
objects to constrain our models. These simulated data sets have been obtained by implementing the
Monte Carlo approach and taking into account the slope, normalization, dispersion of the observed
Ep,i and Eiso correlation, the distribution of the uncertainties in the measured values of Ep,i and Eiso,
and finally the observed redshift distribution of GRBs. In this simulations we took into account the
sensitivity limits and spectroscopy thresholds and sensitivity of the THESEUS monitors (SXI and
XGIS). This mock sample is based on a replication of the observed sample and corresponds to the
actual data sets and to the data sets expected to be available within 3-4 years from THESEUS. The
cosmological parameters assumed for the simulations are the median, or average, values found in the
reported analysis on real data (and, indeed, Tables 6, and 7 show that the analysis on the simulated
data recover very well these assumed cosmological parameters). It turns out that with our mock
sample of GRBs we are able to constrain much better the cosmological parameters: actually in Figs.
10 and 11 we show the 2D confidence regions in the w0-w1 plane for the CPL model, obtained from
the simulated GRB Hubble diagram and the H(z) sample, compared with the same confidence region
obtained from real datasets: it turns out that the evolving dark energy, described by the exponential
scalar field potential is favoured.
6 Discussion and conclusions
The Ep,i – Eiso correlation has significant implications for the use of GRBs in cosmology. Here we
explored the 3D Amati relation in a way independent of the cosmological model, and taking into
account possible redshift evolution effects of its correlation coefficients [15] parametrized as power law
terms. Using the recently updated data set of 193 high-redshift GRBs, we applied a local regression
technique to calibrate the Ep,i – Eiso relation. The values of the calibration parameters are statistically
fully consistent with the results of our previous work [15, 21], and confirm that this correlation shows,
at this stage, only negligible indication of evolution. This result has been confirmed also with different
calibration technique. The fitted calibration parameters have been, therefore, used to construct a high
redshift GRB Hubble diagram, which we adopted as a tool to constrain different cosmological models.
In our analysis we considered the CPL parametrization of the EOS, an exponential dark energy scalar
– 14 –
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Figure 9. Redshift behaviour of the deceleration parameter q(z) for the EDE model, corresponding to the best
values of the relative parameters obtained combining the GRB Hubble diagram and the H(z) measurements.
CPL Dark Energy
Id 〈x〉 x˜ 68% CL 95% CL
Simulated GRBs/H(z)
Ωm 0.18 0.19 (0.16, 0.21) (0.15, 0.27)
w0 -0.86 -0.86 (-0.94, -0.79) (-1.07, -0.72)
w1 0.82 0.82 (0.71,0.93) (0.62, 0.98)
h 0.67 0.67 (0.65, 0.69) (0.61, 0.74)
Table 6. Constraints on the CPL parameters from our simulated GRB Hubble diagram and H(z) data.
field potential, and, finally a model with dark energy at early times. We compare these different
models, by using the Akaike Information Criterion (AIC) and its indicator. In our case we have found
that the model with the lower AIC is the exponential scalar field potential, which is an evolving dark
energy model. Moreover, it is worth noting that, also without the SNIa, the GRB Hubble diagram
is able to set the transition region from the decelerated to the accelerated expansion in all the tested
cosmological models.
Future GRBs missions will increase the number of GRBs observable at high redshift and will
provide a better calibration of the Amati correlation. Therefore, the effective role of z evolution will
be clarified, and the GRB Hubble diagram will be able to measure the cosmological parameters and
to test the evolution of dark energy, in a complementary way to type Ia SNe. Indeed, we used a
simulated data set of 772 GRBs to constraint the cosmological parameters for the FLRW flat model,
in the case of the CPL EOS and a scalar field dark energy: it turns out that we are able to constrain
an evolving dark energy component much better than with the presently available data.
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Scalar Field Quintessence
Id 〈x〉 x˜ 68% CL 95% CL
Simulated GRBs/H(z)
H0 0.98 0.981 (0.96, 1.00) (0.94, 1.02)
h 0.68 0.68 (0.68, 0.69) (0.65, 0.70)
Table 7. Constraints on the scalar field parameters from our simulated GRB Hubble diagram and H(z) data.
It turns out that Ωm = 0.26± 0.02
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Figure 10. 2D confidence regions in the w0-w1 plane for the CPL model, obtained from the simulated GRBs
HD and the H(z) measurements (bottom panel) and the full real datasets (upper panel).
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Table 8: Ep,i – Eiso dataset used in the present analysis. Col-
umn (1) lists the GRB ID. Column (2) lists the redshift. Col-
umn (3) lists Ep,i,the photon spectrum peak. Column (4) lists
Eiso, the total radiated energy, evaluated in the flat ΛCDM with
H0 = 70Km/Mpc/s and Ωm = 0.3
GRB redshift Ep,i(keV) Eiso(10
52erg)
970228 0.695 195.00 ± 64.00 1.649 ± 0.165
970508 0.835 145.00 ± 43.00 0.632 ± 0.134
970828 0.958 586.00 ± 117.00 30.376 ± 3.574
971214 3.42 685.00 ± 133.00 22.055 ± 2.757
980613 1.096 194.00 ± 89.00 0.610 ± 0.099
980703 0.966 503.00 ± 64.00 7.417 ± 0.742
981226 1.11 87.00 ± 40.00 0.807 ± 0.179
990123 1.60 1724.00 ± 466.00 240.703 ± 38.911
990506 1.30 677.00 ± 156.00 98.130 ± 9.903
990510 1.619 423.00 ± 42.30 18.103 ± 2.715
990705 0.842 459.00 ± 139.00 18.703 ± 2.672
990712 0.434 93.00 ± 15.00 0.685 ± 0.132
991208 0.706 313.00 ± 31.30 22.972 ± 2.297
991216 1.02 648.00 ± 134.00 69.795 ± 7.158
000131 4.50 987.00 ± 416.00 183.600 ± 32.291
000210 0.846 753.00 ± 75.30 15.409 ± 1.692
000418 1.12 284.00 ± 28.40 9.507 ± 1.794
000911 1.06 1856.00 ± 371.00 69.862 ± 14.331
000926 2.07 310.00 ± 31.00 28.583 ± 6.190
010222 1.48 766.00 ± 76.60 84.899 ± 9.032
010921 0.450 129.00 ± 26.00 0.967 ± 0.097
011121 0.360 1060.00 ± 275.00 7.970 ± 2.190
011211 2.14 186.00 ± 24.00 5.739 ± 0.638
020124 3.198 448.00 ± 148.00 28.457 ± 2.846
020405 0.690 354.00 ± 35.40 10.638 ± 1.064
020813 1.25 590.00 ± 151.00 68.354 ± 17.088
020819B 0.410 70.00 ± 21.00 0.693 ± 0.176
020903 0.250 3.37 ± 1.79 0.002 ± 0.610
021004 2.30 266.00 ± 117.00 3.467 ± 0.456
021211 1.01 127.00 ± 52.00 1.163 ± 0.134
030226 1.98 289.00 ± 66.00 12.731 ± 1.364
030323 3.37 270.00 ± 113.00 2.940 ± 0.919
030328 1.52 328.00 ± 55.00 38.862 ± 3.886
030329 0.1685 82.00 ± 8.20 1.616 ± 0.162
030429 2.65 128.00 ± 26.00 2.287 ± 0.274
030528 0.780 57.00 ± 9.00 2.222 ± 0.267
040912 1.563 44.00 ± 33.00 1.357 ± 0.362
040924 0.859 102.00 ± 35.00 0.980 ± 0.098
041006 0.716 98.00 ± 20.00 3.105 ± 0.887
041219 0.310 203.00 ± 53.00 6.556 ± 1.311
050318 1.44360 115.00 ± 25.00 2.302 ± 0.230
050401 2.89830 467.00 ± 110.00 37.572 ± 7.331
050416 0.6535 22.00 ± 4.50 0.106 ± 0.018
050525 0.606 129.00 ± 12.90 2.298 ± 0.486
050603 2.821 1333.00 ± 133.30 64.116 ± 6.412
Continued on next page
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Table 8 – continued from previous page
GRB redshift Ep,i(keV) Eiso(10
52erg)
050820 2.615 1325.00 ± 277.00 103.356 ± 10.336
050904 6.295 3178.00 ± 1094.00 133.364 ± 13.892
050922 2.199 415.00 ± 111.00 5.560 ± 1.823
051022 0.809 754.00 ± 258.00 56.054 ± 5.605
051109 2.346 539.00 ± 200.00 6.845 ± 0.730
060115 3.53280 297.00 ± 102.00 5.884 ± 3.770
060124 2.296 784.00 ± 285.00 43.790 ± 6.386
060206 4.05590 410.00 ± 187.00 4.146 ± 1.935
060210 3.91 574.00 ± 187.00 32.229 ± 3.223
060218 0.03351 4.90 ± 0.49 0.005 ± 0.535
060306 3.50 315.00 ± 135.00 7.630 ± 1.011
060418 1.489 572.00 ± 143.00 13.550 ± 2.710
060526 3.22 105.00 ± 21.00 2.754 ± 0.367
060607 3.075 478.00 ± 118.00 11.926 ± 2.752
060614s 0.125 55.00 ± 45.00 0.217 ± 0.087
060707 3.424 274.00 ± 72.00 4.319 ± 1.103
060729 0.543 77.00 ± 38.00 0.423 ± 0.088
060814 1.92290 751.00 ± 246.00 56.709 ± 5.671
060908 1.88360 553.00 ± 260.00 7.176 ± 1.908
060927 5.46 275.00 ± 75.00 12.022 ± 2.774
061007 1.262 890.00 ± 124.00 89.961 ± 8.996
061121 1.314 1289.00 ± 153.00 23.504 ± 2.702
061126 1.15880 1337.00 ± 410.00 31.419 ± 3.591
061222 2.088 874.00 ± 150.00 30.045 ± 6.373
070125 1.547 934.00 ± 148.00 84.087 ± 8.409
070521 1.35 522.00 ± 55.00 10.813 ± 1.802
071003 1.604 2077.00 ± 286.00 38.279 ± 4.525
071010 0.947 88.00 ± 21.00 2.322 ± 0.402
071020 2.145 1013.00 ± 160.00 10.021 ± 4.555
071117 1.331 648.00 ± 317.00 5.855 ± 2.702
080207 2.08580 333.00 ± 222.00 16.388 ± 1.821
080319 0.937 1261.00 ± 126.10 117.866 ± 11.787
080411 1.03 524.00 ± 70.00 16.200 ± 1.620
080413 2.433 584.00 ± 180.00 8.586 ± 2.101
080413 1.10 163.00 ± 47.50 1.614 ± 0.269
080603 2.69 277.00 ± 100.00 6.040 ± 3.057
080605 1.64 766.00 ± 76.60 28.069 ± 14.487
080607 3.036 1691.00 ± 226.00 199.938 ± 19.994
080721 2.591 1741.00 ± 227.00 133.515 ± 22.862
080804 2.20450 810.00 ± 81.00 12.032 ± 1.203
080913 6.695 710.00 ± 350.00 9.174 ± 2.687
080916 0.689 208.00 ± 20.80 0.975 ± 0.098
080928 1.69190 95.00 ± 23.00 3.987 ± 0.906
081007 0.5295 61.00 ± 15.00 0.176 ± 0.018
081008 1.96850 261.00 ± 52.00 10.002 ± 1.200
081028 3.038 234.00 ± 93.00 18.343 ± 1.834
081118 2.58 203.31 ± 20.33 12.233 ± 1.223
081121 2.512 608.00 ± 60.80 32.353 ± 3.656
081203 2.05 1541.00 ± 756.00 31.853 ± 11.831
081221 2.26 284.00 ± 28.40 31.919 ± 3.192
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GRB redshift Ep,i(keV) Eiso(10
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081222 2.77 630.34 ± 63.03 27.382 ± 2.747
090102 1.547 1174.00 ± 120.00 22.604 ± 2.712
090205 4.64970 214.00 ± 72.00 0.831 ± 0.277
090323 3.57 1901.00 ± 343.00 437.725 ± 53.336
090328 0.736 1157.91 ± 115.79 14.181 ± 1.418
090418 1.608 1567.00 ± 384.00 17.195 ± 2.715
090423 8.10 410.00 ± 100.00 8.818 ± 2.065
090424 0.544 249.97 ± 25.00 4.066 ± 0.407
090516 4.109 971.00 ± 390.00 71.876 ± 13.822
090618 0.540 250.40 ± 25.04 28.591 ± 2.859
090715 3.00 536.00 ± 172.00 23.841 ± 3.668
090812 2.452 2000.00 ± 700.00 47.502 ± 8.222
090902 1.822 2187.00 ± 218.70 292.271 ± 29.227
090926 1.24 212.00 ± 21.20 4.136 ± 0.450
091003 0.8969 810.00 ± 157.00 10.704 ± 1.784
091018 0.971 55.00 ± 20.00 0.626 ± 0.349
091020 1.71 507.23 ± 68.21 8.429 ± 1.088
091024 1.092 396.23 ± 39.62 18.377 ± 1.993
091029 2.752 230.00 ± 66.00 7.965 ± 0.824
091127 0.490 51.00 ± 5.10 1.646 ± 0.176
091208 1.063 246.00 ± 25.00 2.060 ± 0.206
100414 1.368 1295.00 ± 129.50 54.987 ± 5.499
100621 0.542 146.00 ± 23.00 2.822 ± 0.353
100728 1.567 833.00 ± 83.30 86.826 ± 8.683
100728 2.106 323.00 ± 47.00 3.551 ± 0.364
100814 1.44 259.00 ± 34.00 15.344 ± 1.805
100816 0.8049 247.00 ± 24.70 0.712 ± 0.089
100906 1.727 289.00 ± 46.00 29.916 ± 2.992
101213 0.414 440.00 ± 180.00 2.721 ± 0.527
101219 0.550 108.00 ± 12.00 0.626 ± 0.063
110106a 0.618 194.00 ± 56.00 0.734 ± 0.073
110205 2.22 757.00 ± 305.00 48.317 ± 6.382
110213 1.46 224.00 ± 74.00 5.778 ± 0.813
110213 1.083 256.00 ± 40.00 8.334 ± 1.344
110422 1.77 421.00 ± 42.10 79.822 ± 8.164
110503 1.613 551.00 ± 60.00 20.817 ± 2.082
110715 0.820 220.00 ± 22.00 4.361 ± 0.445
110731 2.83 1164.00 ± 116.40 49.464 ± 4.946
110801 1.858 400.00 ± 171.00 10.897 ± 2.724
110818 3.36 1116.00 ± 240.00 26.642 ± 2.756
111107 2.893 420.00 ± 124.00 3.757 ± 0.550
111228 0.716 58.00 ± 7.00 2.750 ± 0.275
120119 1.728 496.00 ± 50.00 27.197 ± 3.626
120326 1.798 152.00 ± 15.20 3.267 ± 0.327
120624 2.19740 1696.00 ± 272.00 319.007 ± 31.901
120711 1.405 2340.00 ± 234.00 180.405 ± 18.041
120712 4.17450 641.00 ± 130.00 21.199 ± 2.120
120716 2.486 397.00 ± 40.00 30.154 ± 3.015
120724 1.48 69.00 ± 19.00 0.849 ± 0.181
120802 3.796 274.00 ± 93.00 12.886 ± 2.761
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120811 2.671 198.00 ± 19.80 6.405 ± 0.641
120909 3.93 1276.00 ± 483.00 87.486 ± 10.130
121128 2.20 243.00 ± 24.30 8.659 ± 0.866
130408 3.758 1000.00 ± 140.00 34.972 ± 6.442
130420 1.297 129.00 ± 13.00 7.742 ± 0.774
130427 0.3399 1250.00 ± 150.00 91.891 ± 13.127
130505 2.27 2030.00 ± 203.00 346.586 ± 34.659
130518 2.488 1382.00 ± 138.20 192.805 ± 19.280
130701 1.155 191.79 ± 19.18 2.397 ± 0.240
130831 0.4791 81.35 ± 8.14 1.163 ± 0.116
131011 1.874 632.28 ± 86.22 89.606 ± 8.961
131030 1.295 406.21 ± 40.62 32.297 ± 3.230
131105 1.686 419.02 ± 102.07 17.570 ± 1.757
131108 2.40 1156.00 ± 115.60 61.122 ± 6.112
131117 4.042 221.85 ± 37.31 8.380 ± 1.341
131231 0.642 267.65 ± 26.76 19.738 ± 1.974
140206 2.73 447.60 ± 44.76 31.276 ± 3.128
140213 1.20760 220.76 ± 22.08 8.695 ± 0.869
140419 3.956 1452.11 ± 416.30 161.863 ± 65.582
140423 3.26 834.96 ± 106.50 57.660 ± 5.766
140500 0.889 353.24 ± 140.73 1.568 ± 0.404
140508 1.027 431.75 ± 43.58 22.958 ± 2.327
140512 0.725 481.27 ± 264.79 6.802 ± 1.984
140515 6.32 375.52 ± 107.60 8.096 ± 0.823
140518 4.707 250.54 ± 43.37 8.920 ± 0.892
140620 2.04 234.08 ± 23.41 7.398 ± 0.740
140623 1.92 1022.00 ± 467.20 9.226 ± 0.923
140629 2.275 281.65 ± 55.67 5.466 ± 0.804
140801 1.32 250.56 ± 25.06 5.242 ± 0.524
140808 3.29 544.83 ± 92.23 7.585 ± 0.766
140907 1.21 249.73 ± 24.97 2.868 ± 0.287
141028 2.33 832.17 ± 83.22 70.689 ± 7.069
141109 2.993 762.66 ± 217.62 38.091 ± 5.283
141220 1.31950 322.41 ± 37.11 22.083 ± 2.208
141221 1.452 373.69 ± 69.88 2.517 ± 0.296
141225 0.915 358.11 ± 55.53 2.399 ± 0.240
150206 2.087 703.84 ± 111.13 55.924 ± 6.788
150301 1.51690 453.04 ± 95.64 4.092 ± 0.409
150314 1.758 965.30 ± 96.53 75.780 ± 7.578
150323 0.593 262.01 ± 39.99 1.210 ± 0.121
150403 2.06 1141.38 ± 162.18 91.586 ± 9.159
150413 3.139 397.34 ± 161.42 39.793 ± 5.465
150514 0.807 104.81 ± 16.26 0.893 ± 0.169
150821 0.755 614.25 ± 294.84 15.370 ± 3.859
151021 1.49 423.30 ± 51.05 49.861 ± 5.989
151027 0.810 313.13 ± 163.81 2.952 ± 0.603
151029 1.423 82.14 ± 16.72 0.440 ± 0.068
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Table 9: Final Hubble diagram used to test our cosmological mod-
els. Column (1) lists the GRB ID. Column (2) lists the redshift.
Column (3) lists the estimated distance modulus µ(z). Column (3)
lists the error σµ.
GRB redshift µ(z) σµ
060218. 0.03351 35.2388 0.964675
060614. 0.125 39.3293 1.98739
030329. 0.1685 38.7267 0.964675
020903. 0.25 40.1848 1.47154
041219. 0.31 40.7078 1.10303
130427. 0.3399 41.8718 0.98073
011121. 0.36 44.346 1.12017
020819. 0.41 41.7274 1.15723
101213. 0.414 44.0874 1.2811
990712. 0.434 42.4949 1.01559
010921. 0.45 42.906 1.03082
130831. 0.4791 41.933 0.964675
091127. 0.49 40.6524 0.965553
081007. 0.5295 43.6806 1.07151
090618. 0.54 41.1466 0.964675
100621. 0.542 42.5517 1.00055
060729. 0.543 43.2886 1.40593
090424. 0.544 43.2829 0.964675
101219. 0.55 43.6043 0.969901
150323. 0.593 44.9573 0.993936
050525. 0.606 42.8556 0.985677
110106. 0.618 45.002 1.11653
131231. 0.642 42.213 0.964675
050416. 0.6535 42.7526 1.04345
080916. 0.689 45.1733 0.964675
020405. 0.69 43.6873 0.964675
970228. 0.695 44.4957 1.16267
991208. 0.706 42.6671 0.964675
111228. 0.716 41.5156 0.974822
041006. 0.716 42.4728 1.07306
140512. 0.725 44.9645 1.5102
090328. 0.736 46.0366 0.964675
150821. 0.755 44.7128 1.39396
030528. 0.78 41.979 1.00007
100816. 0.8049 46.3588 0.968105
150514. 0.807 44.3412 1.01078
051022. 0.809 43.951 1.1799
151027. 0.81 45.3268 1.45066
110715. 0.82 44.209 0.964927
970508. 0.835 45.4978 1.14341
990705. 0.842 44.239 1.138
0210. 0.846 45.4921 0.965934
040924. 0.859 44.3814 1.1811
140506. 0.889 46.5595 1.27985
091003. 0.8969 46.2254 1.03459
141225. 0.915 46.2183 0.995568
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080319. 0.937 44.6798 0.964675
071010. 0.947 43.4503 1.0754
970828. 0.958 44.6321 1.03143
980703. 0.966 45.8726 0.978404
091018. 0.971 43.979 1.34595
021211. 1.01 45.1704 1.27044
991216. 1.02 44.14 1.03558
140508. 1.027 44.5264 0.965262
080411. 1.03 45.3164 0.982046
000911. 1.06 46.4484 1.04763
091208. 1.063 46.0879 0.965407
110213. 1.083 44.7138 1.00579
091024. 1.092 44.7891 0.965748
980613. 1.096 47.0165 1.34674
080413. 1.1 45.6099 1.12893
981226. 1.11 45.0882 1.35833
000418. 1.12 44.8958 0.980191
130701. 1.155 45.6772 0.964675
061126. 1.1588 46.9255 1.13861
140213. 1.2076 44.7162 0.964675
140907. 1.21 46.1829 0.964675
090926. 1.24 45.5257 0.965783
020813. 1.25 44.6318 1.10983
061007. 1.262 45.2185 0.985477
131030. 1.295 44.7874 0.964675
130420. 1.297 43.9618 0.965022
990506. 1.3 44.654 1.05668
061121. 1.314 47.5779 0.975709
141220. 1.3195 44.7823 0.971908
140801. 1.32 45.8216 0.964675
071117. 1.331 44.0571 1.48472
070521. 1.35 46.6335 0.977907
100414. 1.368 46.7979 0.964675
120711. 1.405 46.8247 0.964675
151029. 1.423 46.4439 1.04028
100814. 1.44 45.0124 0.983006
050318. 1.4436 45.3948 1.0446
141221. 1.452 47.7639 1.02115
110213. 1.46 45.8172 1.17022
120724. 1.48 45.5 1.12067
010222. 1.48 45.4973 0.965479
060418. 1.489 46.9036 1.0919
151021. 1.49 44.8663 0.97744
150301. 1.5169 47.7815 1.03904
030328. 1.52 44.6737 1.00434
090102. 1.547 47.9681 0.968357
070125. 1.547 46.0669 0.997859
040912. 1.563 44.2388 1.83959
100728. 1.567 45.8374 0.964675
990123. 1.6 46.31 1.10519
Continued on next page
– 25 –
Table 9 – continued from previous page
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071003. 1.604 48.7014 0.986866
090418. 1.608 48.9936 1.07886
110503. 1.613 46.6266 0.968816
990510. 1.619 46.2418 0.972282
080605. 1.64 47.0415 1.11033
131105. 1.686 46.3903 1.06923
080928. 1.6919 44.9313 1.09052
091020. 1.71 47.6318 0.986547
100906. 1.727 45.1217 0.998346
120119. 1.728 46.3486 0.969775
150314. 1.758 46.6761 0.964675
110422. 1.77 44.9198 0.964956
120326. 1.798 46.3275 0.964675
090902. 1.822 47.0286 0.964675
110801. 1.858 47.1386 1.318
131011. 1.874 45.8305 0.983689
060908. 1.8836 48.3107 1.38268
140623. 1.92 49.3774 1.33726
060814. 1.9229 46.7712 1.16189
081008. 1.9685 46.5399 1.02888
030226. 1.98 46.5091 1.05548
140620. 2.04 46.7617 0.964675
081203. 2.05 49.1056 1.44074
150403. 2.06 47.3521 0.987177
000926. 2.07 45.9267 0.986962
080207. 2.0858 46.705 1.6751
150206. 2.087 46.928 1.00027
061222. 2.088 48.0537 1.02748
100728. 2.106 48.3345 0.989631
090926. 2.1062 45.9453 0.964675
011211. 2.14 46.7218 0.980828
071020. 2.145 49.6434 1.10761
120624. 2.1974 47.0377 0.999179
050922. 2.199 48.5144 1.1449
121128. 2.2 46.9237 0.964675
080804. 2.2045 49.0731 0.964675
110205. 2.22 47.4469 1.26332
081221. 2.26 45.9221 0.964675
130505. 2.27 47.431 0.964675
140629. 2.275 47.8432 1.03423
060124. 2.296 47.7405 1.21259
021004. 2.3 48.2559 1.3153
141028. 2.33 47.3942 0.964675
051109. 2.346 49.0506 1.21761
131108. 2.4 48.3349 0.964675
080413. 2.433 49.0947 1.16437
090812. 2.452 49.8194 1.1996
120716. 2.486 47.0026 0.965014
130518. 2.488 47.5805 0.964675
081121. 2.512 47.8464 0.966364
Continued on next page
– 26 –
Table 9 – continued from previous page
GRB redshift µ(z) σµ
081118. 2.58 46.7188 0.964675
080721. 2.591 48.5968 0.991739
050820. 2.615 48.3392 1.03724
030429. 2.65 47.6698 1.03466
120811. 2.671 47.4843 0.964675
080603. 2.69 48.2692 1.31885
140206. 2.73 47.5303 0.964675
091029. 2.752 47.6604 1.11501
081222. 2.77 48.435 0.964714
050603. 2.821 49.1282 0.964675
110731. 2.83 49.1393 0.964675
111107. 2.893 49.8966 1.12989
050401. 2.8983 47.623 1.07691
141109. 2.993 48.736 1.11773
090715. 3. 48.5206 1.1608
080607. 3.036 48.6376 0.982082
081028. 3.038 47.1274 1.25233
060607. 3.075 49.1191 1.09597
150413. 3.139 47.4974 1.26858
020124. 3.198 48.1741 1.16529
060526. 3.22 47.7209 1.03396
140423. 3.26 48.7655 0.97858
140808. 3.29 50.1128 1.00561
110818. 3.36 50.3093 1.04291
030323. 3.37 49.7663 1.32129
971214. 3.42 49.5616 1.02792
060707. 3.424 49.4335 1.11811
060306. 3.5 49.1802 1.29927
060115. 3.5328 49.372 1.3667
090323. 3.57 48.5832 1.01663
130408. 3.758 50.1687 1.00009
120802. 3.796 48.5993 1.19432
060210. 3.91 49.2405 1.15973
120909. 3.93 49.8323 1.22845
140419. 3.956 49.4552 1.1931
131117. 4.042 48.843 1.0138
060206. 4.0559 50.8939 1.42446
090516. 4.109 49.631 1.27069
120712. 4.1745 50.1486 1.03188
000131. 4.5 48.9579 1.29533
090205. 4.6497 51.7573 1.22254
140518. 4.707 49.5492 1.0083
060927. 5.46 49.9271 1.12209
050904. 6.295 52.8828 1.18291
140515. 6.32 51.5043 1.11437
080913. 6.695 52.8885 1.42278
090423. 8.1 52.4438 1.09398
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